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Abstract

In this paper we study the spherical convexity of quadratic functions on spherically convex
sets. In particular, conditions characterizing the spherical convexity of quadratic functions on
spherical convex sets associated to the positive orthants, Lorentz and circular cones are given.
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1 Introduction

In this paper we study the spherical convexity of quadratic functions on spherical convex sets.
This problem arised by trying to make certain fixed point theorems, surjectivity theorems, and
existence theorems for complementarity problems and variational inequalities more explicit. Under
some smoothness conditions, these existence theorems could be reduced to optimizing a quadratic
function on the intersection of the sphere and a cone. Such intersections are exactly the spherically
convex sets [5]. Hence, the optimization problem reduces to optimizing quadratic functions on
spherically convex sets. When these quadratic functions are spherically convex [6] the spherical
local minimum is equal to the spherical global minimum. Therefore, it is natural to consider the
problem of determining the spherically convex quadratic functions on spherically convex sets. The
optimization problem above is in fact the problem of calculating the scalar derivative, introduced by
S. Z. Németh in [I8420], along cones [22]. More precisely, under certain smoothness conditions, in
Euclidean spaces and for pointed closed convex cones, [9, Theorem 7.2, Corollary 7.2, Theorem 7.3,
Corollary 7.2, Theorem 7.4, Corollary 7.3, Theorem 7.11], [10, Theorem 6.3, Theorem 6.4], [12|
Corollary 8.1], [II], Corollary 9.1] need the calculation of the scalar derivative which can be achieved
by solving the optimization problems in [22] Theorem 17 or Theorem 18] or [12] Theorem 4.6], which
are problems of optimizing quadratic functions on spherically convex sets. In fact, by using [22]
Theorem 15 or Theorem 16] or [I2) Theorem 4.1}, under certain smoothness conditions, in Euclidean
spaces and for pointed closed convex cones, [I3, Corollary 8.1] can also be reduced to optimizing
quadratic functions on spherically convex sets. The corresponding theorems and corollaries above
can also be found in [14].

Apart from the motivation of solving fixed point theorems, surjectivity theorems, and existence
theorems for complementarity problems and variational inequalities by calculating the scalar deriva-
tive, the motivation of this study is much wider. It has both theoretical and applied nature, since
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it aims at obtaining efficient algorithms (see, e.g., [2L[4L[7,27.28][30H33]) for constrained optimization
problems on the sphere. Indeed, many optimization problems are naturally posed on the sphere,
which has a specific underlining algebraic structure that could be exploited to greatly reduce the
cost of obtaining the solutions; see [27,28/321[33]. Besides the theoretical interest, constrained op-
timization problems on the sphere also have a wide range of applications in many different areas of
study such as numerical multilinear algebra (see, e.g., [23]), solid mechanics (see, e.g., [§]), signal
processing (see, e.g., [24129]), computational anatomy (see, e.g., [7]) and quantum mechanics (see,
e.g., [I]). For instance, consider the generic constrained optimization problem on the sphere:

min{f(x): x € C}, Ccs. (1)

For C = S" and a quadratic form f(z) = 27 Qz, the problem in () becomes a minimal eigenvalue
problem, that is, finding the spectral norm of the matrix —Q (see, e.g., [27]). Problem (] includes
as particular cases the problem of deciding the non-negativity of a homogeneous multivariate poly-
nomial over the sphere (see, e.g., [16,2526]) as well as the Bi-Quadratic Optimization problem over
unit spheres (see, e.g., [I7]). For quadratic functions it also contains the trust region problem that
appears in many nonlinear programming algorithms as a sub-problem, see [3].

The goal of the paper is to present conditions satisfied by quadratic functions which are spher-
ically convex on spherical convex sets. Besides, we present conditions characterizing the spherical
convexity of quadratic functions on spherically convex sets associated to the circular cones and the
positive orthant cone.

The remainder of this paper is organized as follows. In Section 2], we recall some notations and
basic results used throughout the paper. In Section [Blwe present some general properties satisfied by
quadratic functions which are spherically convex. In Section [l we present a condition characterizing
the spherical convexity of quadratic functions on the spherical convex set defined by the positive
orthant cone. In Section [fl we present a condition characterizing the spherical convexity of quadratic
functions on spherical convex sets defined by circular cones. We conclude this paper by making
some final remarks in Section [Gl

2 Notations and basic results

In this section we present the notations and some auxiliary results used throughout the paper. Let
R™ be the n-dimensional Euclidean space with the canonical inner product (-, ), norm || - ||. Denote
by R’ the nonnegative orthant and by R’/ , the positive orthant. The notation x L y means that
(x,y) = 0. Denote by e’ the i-th canonical unit vector in R™. The unit sphere is denoted by

S:={zeR" : |z||=1}.

The dual cone of a cone K C R™ is the cone K*:={x € R™ : (x,y) >0, Yy € K}. Any pointed
closed convex cone with nonempty interior will be called proper cone. K is called subdual if K C K*,
superdual if K* C K and self-dual if £K* = K. K is called strongly superdual if K* C int(K). The
set of all m x n matrices with real entries is denoted by R”™*" and R" = R"*!. In Section 5
we will also use the identification R” = R"! x R, which makes the notations much easier. The
matrix I, denotes the n x n identity matrix. If x € R™ then diag(x) will denote an n x n diagonal
matrix with (¢,4)-th entry equal to z;, for i =1,...,n. For a € R and B € R=Dx(n=1) we denote
diag(a, B) € R™*™ the matrix defined by

diag(a, B) = [g g] .



Recall that a Z-matriz is a matrix with nonpositive off-diagonal elements. Let I C R™ be a pointed
closed convex cone with nonempty interior, the K-Z-property of a matrix A € R™*™ means that
(Az,y) <0, for any (z,y) € C(K), where C(K) :={(z,y) e R"xR":z € K, y € K*, L y}. The
matrix A € R™ " is said to have the K-Lyapunov-like property if A and —A have the K-Z-property,
and is said to be K-copositive if (Axz,x) > 0 for all x € K. If £ = R}, then the K-Z-property of
a matrix coincides with the matrix being a Z-matrix and the K-Lyapunov-like property with the
matrix being diagonal.

The intersection curve of a plane though the origin of R™ with the sphere S is called a geodesic.
A geodesic segment 7 : [a,b] — S™ is said to be minimal if its arc length is equal to the intrinsic
distance between its end points, i.e., if £(y) := arccos(y(a),v(b)). The set C C S is said to be
spherically convez if for any x, y € C' all the minimal geodesic segments joining x to y are contained
in C. Let C' C S be a spherically convex set and I C R an interval. The following result is proved

in [5].
Proposition 1. Let Ko :={tp : p€ C, t € [0,400)} be the cone generated by the set C C S™. The

set C is spherically convez if and only if the associated cone K¢ is convex and pointed.

A function f : C' — R is said to be spherically convez (respectively, strictly spherically convex) if
for any minimal geodesic segment v : I — C, the composition fo~y: I — R is convex (respectively,
strictly convex) in the usual sense. The next result is an immediate consequence of [0, Propositions 8
and 9].

Proposition 2. Let K C R™ be a proper cone, C = int(K) NS and f : C — R a differentiable
function. Then, the following statements are equivalent:

(i) f is spherically convex;
(i) (Df(x) = Df(y),z —y) + (z,y) = ) [(Df(z),z) + (Df(y),y)] = 0, for all z,y € C;
(iii) (D*f(y)z,z) — (D f(y),y) >0, for all z,y € C with x L y.

It is well known that if Q € R™*™ is an orthogonal matrix, then @ defines a linear orthogonal
mapping, which is an isometry of the sphere. In the following remark we state some important
properties of the isometries of the sphere, for that, given C C S and @ € R™*", we define

QC:={Qx : z €C}.

Remark 1. Let Q € R™ ™ be an orthogonal matriz, i.e., QT = Q™', Ci and Cy be spherically convex
sets. Then Cy := QCq is a spherically convex set. Hence, if Co C Ci and f :C1 — R is a spherically
convex function, then h := foQ : Co — R is also a spherically convex function. In particular, if
Cy = C; then, f:Ci — R is spherically convez if, only if, h:= foQ : Cy — R is spherically convez.

We will show next a useful property of proper cones which will be used in the Section Bl

Lemma 1. Let K C R" be a proper cone. If x € S and y € KNS such that x L vy, then
x ¢ int(K*) U — int ().

Proof. If x € int(K*), then (z,y) > 0 and if 2 € — int(K*), then (z,y) < 0. Hence, x € S, y € KNS
and z L y imply = ¢ int(*) U — int (IC¥). O

Let C C D CR" and A € R™". For a quadratic function f :C — R defined by f(z) = (A, z),
we will simply use the notation f for the function f: D — R defined by f(x) = (Az, ).



3 Quadratic functions on spherical convex sets

In this section we present some general properties satisfied by quadratic functions which are spher-
ically convex.

Proposition 3. Let K C R™ be a proper cone, C = int(K) NS and let f : C — R be defined by
f(x) = (Ax, ), where A € R™™. Then, the following statements are equivalent:

(i) The function f is spherically convez;
(i1) (Ax,x) — (Ay,y) >0, forallz €S andy € KNS with z L y.

Proof. To prove the equivalence of items (i) and (ii), note that C = int(K) NS is an open spherically
convex set, Df(x) = 2Az and D?f(z) = 2A, for all z € C. Then, from item (iii) of Proposition
we conclude that (Az,z) > (Ay,y), for all z € S and y € C with L y. Hence, by continuity this
inequality extends for all y € L NS with z L y. O

Remark 2. Let z,y € R" and A € R"™ ™. Then, it is easy to see that (Azx,x) > (Ay,y) if and
only if ((A+ ATz, z) > (A+ AT)y,y). Thus, from Proposition[3 we conclude that f(zx) = (Ax,z)
is spherically convex if and only if h(z) = ((A + A7)z, x) is spherically convex. Therefore without
loss of generality, for the purpose of studying the convezity of the function f(x) = (Ax,x), we can
assume that A is a symmetric matriz.

Proposition 4. Let K C R™ be a proper cone, C = int(K) NS and let f : C — R be defined by
f(x) = (Ax,z), where A = AT € R"*". The following statements are equivalent:

(i) The function f is spherically convez;
(i) 2(Az,y) < ((Az,2) + (Ay,y)) (2,y), for all z,y € KNS.
As a consequence, if K is superdual and f is spherically convex, then A has the K-Z-property.

Proof. The equivalence of items (i) and (ii) follows from item (ii) of Proposition 2 after some
algebraic manipulations, by using arguments similar to the ones used in the proof of the equivalence
of items (i) and (ii) in Proposition Bl For the second part, let z € CNSandy € KNS C KNS
with z L y. Since f is spherically convex and x L y, the inequality in item (ii) implies (Ax,y) < 0.
Therefore, the result follows from the definition of K-Z-property. O

Proposition 5. Let K C R™ be a superdual proper cone, C = int(K) NS and f : C — R be defined
by f(x) = (Az,x), where A= AT € R™™, [f f is spherically convex, then the following statements
hold:

(1) If x,y € (KU —=K)NS such that x Ly, then (Az,z) = (Ay,y);
(ii) If z € int(K) NS and y € KNS such that x Ly, then Az L y;
(i1i) If x € —int(K) NS and y € KNS such that x Ly, then Az L y.

Proof. For proving item (i), we use the equivalence of items (i) and (ii) of Proposition [ to obtain
that (Az,x) > (Ay,y) and (Ay,y) > (Ax, z), for all z,y € (KU—-K)NS, and the results follows. To
prove item (ii), given = € int(K)NS and y € KNS such that = L y, define u = (1/(m? +1))(mx —y)
and v = (1/(m? + 1))(x + my), where m is a positive integer. Since x € int(K) NS, if m is large
enough, then (1/m)u € K and therefore u € K too. It is easy to check that u,v € NS such that
u L v. By using item (i) twice, we conclude (mAzxz — Ay,mz — y) = (Ax + mAy, z + my), which
after some algebraic transformations, bearing in mind that A = AT, implies Az | y. We can prove
item (iii) in a similar fashion. O



Corollary 1. Let K C R"™ be a strongly superdual proper cone, C = int(K) NS and let f:C — R
be defined by f(x) = (Ax,x), where A = AT € R™ ", If f is spherically convex, then A is K-
Lyapunov-like.

Proof. Let x € KNS and y € K* NS C int(K) NS with « L y. Then, item (ii) of Proposition
implies Az | y and the result follows from the definition of the K-Lyapunov-like property. O

Proposition 6. Let K C R™ be a superdual proper cone, C = int(K) NS and f : C — R be defined
by f(x) = (Az,x), where A= AT € R™". If A is K-copositive and f is spherically conver, then A
s positive semidefinite.

Proof. Since A is K-copositive we have (Az,z) > 0 for all z € (K* U—-K*)NS C (KU —-K)NS.
Assume that z € S\ (K* U —K*). Then, there exists an y € £ NS such that y L x. Suppose that
there is no such y. Then, we must have that either (u,z) < 0 for all u € £\ {0}, or (u,z) > 0
for all w € I\ {0}. Otherwise, if there is an u € K \ {0} with (u,2) < 0 and a v € £\ {0} with
(v,z) > 0, then ¥(0) < 0 and (1) > 0, where the continuous function ¢ : R — R is defined by
P(t) = (1 —t)u+tv,x). Hence, there is an s € [0, 1] such that ¥(s) = 0. By the convexity of IO\ {0}
(KC\ {0} is spherically convex because K is pointed), we conclude that (1 — s)u+ sv € K\ {0}. Let
w = (1—s)u+svand y = w/||w||. Clearly, y € KNS and y L x, which contradicts our assumptions.
If (u,z) < 0 for all w € K\ {0}, then x € —K*, which is a contradiction. If (u,z) > 0 for all
u € K\ {0}, then x € K*, which is also a contradiction. Thus, there exists an y € K NS such that
y L x. Since f is convex, Proposition B implies that (Ax,z) > (Ay,y). Since A is K-copositive,
we have (Ay,y) > 0 and hence (Az,z) > 0. Thus, (Az,z) > 0 for all x € S. In conclusion, A is
positive semidefinite. O

By using arguments similar to the ones used in the proof of Proposition [6] we can also prove the
following result.

Proposition 7. Let K C R™ be a subdual proper cone, C =int(K) NS and f : C — R be defined by
f(z) = (Az,z), where A = AT € R™ ™. If A is K*-copositive and f is spherically convex, then A
s positive semidefinite.

4 Quadratic functions on spherical positive orthant

In this section we present a condition characterizing the spherical convexity of quadratic functions
on the spherical convex set associated to the positive orthant cone.

Theorem 1. Let C =SNRY, and f : C — R be defined by f(x) = (Ax,x), where A = AT ¢ Rx™,
Then, f is spherically convez if and only if there exists A € R such that A = \,,. In this case, f is
a constant function.

Proof. Assume that there exists A € R such that A = AI,,. In this case, f(x) = A\, for all z € C.
Obviously, any constant function is spherically convex. Conversely, suppose that f is convex. From
the equivalence of items (i) and (ii) of Proposition Bl we have

(Az, z) > (Ay,y), (2)

for any y € R} and any o L y with z,y € S. First take 2 = ¢’ and y = ¢/. Then, @) implies
that aj; > a;. Hence, by swapping ¢ and j, we conclude that a;; = A for any ¢, where A € R is a
constant. Next take y = (1/v2)(e’ + ¢’) and = (1/v/2)(e’ — ¢/). This leads to a;; < 0, for any



i,j. Hence, A = B + \I,,, where B is a Z-matrix with zero diagonal. It is easy to see that equation
@) is equivalent to

(Bzx,z) > (By,y), (3)
for any y > 0 and any =z L y with =,y € S. Let 4,j be arbitrary but different and & different from
both i and j. Let y = e¥ and x = (1/v/2)(e’ + 7). Then, @) implies that a;; = b;; > 0. Together
with a;; < 0 this gives a;; = bj; = 0. Hence A = AI,, and therefore f(z) = A, for any = € C, and
the proof is concluded. O

5 Quadratic functions on circular spherical convex sets

In section we present a condition characterizing the spherical convexity of quadratic functions on
spherical convex sets associated to the circular cones. We begin with the following definition: Let
L C R™ be the Lorentz cone defined by

£::{xeR" :xlzy/xg—k---—kx%}. (4)

Lemma 2. Let L be the Lorentz cone, x = (x1,Z) and y := (y1,9) in S. Then the following
statements hold:

(i) y € —L UL if and only if y? > 1/2. Moreover, y? > 1/2 if and only if ||7]|*> < 1/2;
(i) y € —int(L) Uint(L) if and only if y? > 1/2. Moreover, y3 > 1/2 if and only if ||7]|* < 1/2;
(i4i) x ¢ —int(L) Uint(L) if and only if 22 < 1/2. Moreover, 2 < 1/2 if, and only if, ||Z||* > 1/2;
(i) Ify € —LUL and x L y then x ¢ —int(L) Nint(L). Moreover, x ¢ —int(L) Nint(L) if, and
only if ¥3 < 1/2. Furthermore, x2 < 1/2 if and only if |Z||*> > 1/2.
Proof. Ttems (i)-(iii) follow easily from the definitions of S and L. Ttem (iv) follows from Lemma []
and item (iii). O

Remark 3. Let Q € R®=Dx(=1) pe qp orthogonal matriz. Then, Q = diag(1, Q) is also ortogonal
and QL = L. Hence, from Remark [ we conclude that f : LNS — R is spherically convez if, and
only if, g:= foQ = LNS — R is spherically conver.

Theorem 2. Let C = int(£) NS and f : C — R be defined by f(x) = (Ax,z), where A = AT €
R™ ™,  Then f is spherically convex if and only if there exist a,\ € R with X > a such that
A = diag(a, M ,—1).
Proof. Assume that f is spherically convex. Let z,y € LNS with x L y be defined by

r=—=e + —=€, =—e — —¢,

vt v TR T

Hence the item (i) of Proposition Bl implies that (Az,z) = (Ay,y). Hence, after carrying out these
inner products, we obtain

i€{2,...,n}.

1 1 1 1 .
5(&11 + ali) + §(ai1 + a,-,-) = §(a11 — ali) — 5(@,'1 — aii), 1€ {2, ... ,n}.
Since A is a symmetric matrix, the last equality implies that a;; = 0, for all i € {2,...,n}. Thus,

by letting a = a1, we have A = diag(a, A) with A € R®=D*(=1) 3 symmetric matrix. Let



Q € R=Dx(=1) he an orthogonal matrix such that QT AQ = A, where A = diag(Az, ..., An) and
\; is an eigenvalue of A, for all i € {2,...,n}. Thus, Remark B implies that f : £LNS — R is
spherically convex if, and only if, g(z) = (diag(ai1,A)z,x) is spherically convex. On the other
hand, using Proposition Bl we conclude that g(x) = (diag(ai1,A)z, z) is spherically convex if and
only if

h(z) = ([diag(a11,A) — a1 L)z, ) = (A — a111,,-1]%, %), ©:= (x1,Z) € R X R

is spherically convex. We are going to prove that a11 < Ao = ... = A,,. Since h is spherically convex,
from Proposition [l we have

h(z) — h(y) = (A — a1 lp1]%, ) — ([A — a111n-1]7,9) > 0, (5)

forall z = (21,2) € S, y = (y1,9) € LNS withz L y. Let z € Sand y € LNS with z L y be
defined by

1 1 1 ) 1 1 )
r=—|—=cosf el—l—<—Cos9——sin9>el+<—Cos€+—sin9>ej, 6
(Free) e+ (ge0- 5 AN )
1 1. 1.
y=—e' + e + =¢, (7)

V2 T2t T2

where 6 € (0, 7). From (6)) and (), it is straightforward to check that x € S,y € LNS and = L y.
Hence, (Bl) becomes

(%Sinzﬁ— %cos@sin@) Ai + <%Sin29+%cosﬁsin0> Aj >0,

or, after simplifying by sin# # 0, that

<i sin @ — %cos@) Ai + <% sin 6 + %COSH) Aj > 0.
By tending with € to zero in this latter inequality, we obtain A\; > A;. Hence, by swapping ¢ and
j in (@) and (@) we can also prove that A\; > \;, and then A\; = \j, for all i,j # 1. Therefore,
Ao =...= X, and B = A[,,_; and A = diag(a, A[,,_1), where a := aj; and A := Ay = --- = \,.
Hence, A = A,,_1 and then (B]) becomes [\ — a11][||Z]|*> — [|7]|?] > 0. Bearing in mind that £ = £*,
Lemma 2 implies ||Z]|? — ||§]|> > 0, and then we have from the previous inequality that a = a1; < \.
Conversely, assume that A = diag(a, AI,—1) and A\ > a. Then f(x) = ([diag(a, AI,—1]z,z) and
Proposition B implies that f is spherically convex if, and only if,

h(z) = ([diag(a, AI,—1) — al,)z,x) = ((\ — a]l,—1%, T), z:= (z1,T) € R x R"71

is spherically convex. Take x = (z1,Z) € Sand y = (y1,9) € LNS with z L y. Thus, from Lemmal/[l]
and (@) we have ||Z||> > ||7]|*>. Hence considering that a < A\ we conclude that

(A = alIp12, %) — (A = all19,9) = (A = d][|Z]* - [|5]%] = 0.

Therefore, Proposition [B] implies that h is spherically convex and then f is also spherically convex.
O



Remark 4. Assume that f in Theorem[Q is spherically convex in LNS. Hence there exist a, A € R
with X\ > a such that A = diag(a, \[,_1) and then f(z) = ax? + \|Z]|> = A — (A — a)2?, where
x = (z1,%) € LNS. Hence, it is clear that the minimum of f on LNS is obtained when 1 is
mazimal, that is, when x1 = 1, which happens exactly when x = e'. Similarly, the maximum of f
on LNS is obtained when x, is minimal, that is, when x1 = 1/v/2 (see item (i) of Lemmald), which
happens exactly when ||Z|| = 1 = 1/v/2. Hence,

argmin{f(z):z € LNS} =e', min{f(z):2 € LNS}=q,

argmax{f(z):z € LNS} = {%(1,@) ERxR"!:|z|| = 1} , max{f(z):xze LNS}= a—;—)\.
Remark 5. If A\ > a then Theorem[2 implies that f(x) = (diag(a, \,,—1)x,x) is spherically convez.
However, in this case diag(a, A, ..., \) does not have the L-Lyapunov-like property. Hence, Corol-
lary [ is not true if we only require that the cone is superdual proper. Indeed, the Lorentz cone L is
self-dual proper, i.e., L* = L and consequently is superdual proper. Moreover, letting x,y € LN'S
with x L y be defined by

x—lel—i-lei _161 1ei

IRV ARV,

we have (diag(a, A\I,—1)x,y) = (a — \)/2 < 0. Therefore, diag(a,\l,,—1) does not have the L-
Lyapunov-like property, and the strong superduality of the cone is necessary in Corollary [

i€{2,...,n},

Let a € (0, 7/4) and L, C R™ be the circular cone defined by

L, = {:EGR" : $12tana\/$%+---+$%}. (8)

Theorem 3. Let o € (0, ©/4), Co = int(Ly) NS and f : Co — R be defined by f(x) = (Azx,x),
where A = AT € R™". Then, f is spherically convex if and only if there exist a, A € R with A > a
such that A = diag(a, \,—1).

Proof. Suppose that there exist a, A € R with A\ > a such that A = diag(a, A\I,—1). Since L, C L,
where L is the Lorentz cone, we have C, C C, where = int(£) N S. Hence, by using Theorem 2] we
conclude that f is spherically convex. Conversely, suppose that f is spherically convex. Define

o 0 _ | sina | sina i R
A'_[b B}’ U= [cosaa?]’ v [—Cosa:%}’ |lz]| =1, zeR" . (9)

By using the definition of £, we can prove that u,v € L, N'S. Moreover, the following equalities
hold

(Au,u) + (Av,v) = 2[aq; sin® o + cos® (B, #)],
(Au,v) = ay; sin? o — cos?® a(Bz, &),

(u,v) = — cos(2a).
Hence, by using the inequality in the item (iii) of Proposition [ we conclude that

2 [a11 sin® o — cos® a(B#,2)| < 2 [a11 sin® a + cos® (B, 7)] [ cos(2a)]



After some algebra, the last inequality becomes 2 cos? asin? a(Bi:, #) > 2ay; cos? asin? a. Thus, by

using o € (0, 7/4), we conclude that (B#,2) > aj1, for any & € R"™! with ||| = 1. Therefore,
B — aq111,,_1 is a positive semidefinite matrix. Let

x = [(fos ﬂ . lEll=1, #eR™L (10)
sin aZ:
Thus, by using the definitions of A and v in (@), and x in ([I0]), we conclude that

2

(Az,z) = ay; cos® a — 2sin acos a(b, &) + sin® a(B#, Z),

(Av,v) = ay sin® a + 2sin a cos a(b, &) + cos? a(Bi, 1),

besides z € S, v € L,NS and = L v. Hence, by using item (ii) of Proposition 3], after some algebraic
manipulations and taking into account that B — aj1/,,_1 is a positive semidefinite matrix, we have

—2sin(2a)(b, &) > cos(2a)((B, &) — a11) > 0.

Since a € (0, 7/4), from the last inequality we have (b, #) < 0 for any & € R*~! with ||Z|| = 1.
Therefore, b = 0 and then
A = diag(a1, B), B =BT,
Let Q € R=Ux(n=1) he an orthogonal matrix such that QT BQ = A, where A = diag(Ag, ..., A\n)
and )\; is an eigenvalue of B, for all ¢ € {2,...,n}. Thus, Remark B] implies that f : L — R is
spherically convex if, and only if, g(z) = (diag(ai1, A)z, z) is spherically convex. On the other hand,
by using Proposition Bl we conclude that g(x) = (diag(a11,A)z, x) is spherically convex if and only
if
h(z) = ([diag(ai1, A) — a1 L)z, 2) = (A — a111,-1]3, %), = (z1,7) € R x R"™,

is spherically convex. We are going to prove that a17 < Ao = ... = A,,. Since h is spherically convex,
from Proposition Bl we have
h(z) = h(y) = (A — a1 112, T) — ([A — a111,-1]7,9) > 0, (11)

for all z = (21,2) €S,y = (y1,9) € LNS, with x L y. Let z € Sand y € L, NS with L y be
defined by

& = —(cos acos p)e! + (sin o cos f cos p — sin B sin p)e’ + (sinasin B cos p + cosfsinp)e?,  (12)
y = (sina)e! 4 (cos arcos B)e’ + (cos asin f)e, (13)

where ¢ # j, 0 = /4 and ¢ € (0,7) with cos ¢ = tan . It is straightforward to check that z € S
and y € LN S with z L y. Hence (II)) becomes

[(sin a cos 6 cos ¢ — sin 6 sin ©)? — (cos acos 9)2] (N —an)+
[(sin avsin 6 cos ¢ + cos Osin )* — (cos asin0)?] (A; — ag1) > 0. (14)
Since # = w/4 and ¢ € (0,7) with cos ¢ = tan «, after some calculations, we conclude that
(sin cv cos @ cos o — sin @ sin )2 — (cos avcos #)? = —2sin asin @ cos fsin @ cos ¢ < 0,
(sin asin 6 cos o + cos fsin ) — (cos asin #)% = 2sin o sin @ cos O sin  cos > 0.

Then, ([I4) reduces to —(\; — a11) + (A\; — a11) > 0, which implies that A\; > A;. By swapping
i and j in (I2) and ([I3]) we can also prove that A; > X;, and then A\; = \;, for all 4,5 # 1. In

conclusion Ay = -+ = )\, and therefore B = A\[,,_; and A = diag(a, A\I,—1), where a := a1 and
A=Ay =--- = \,. By using that B —a;;/,—1 = (A — a)l,_; is positive semidefinite, we obtain
that A > a and the proof is concluded. [l



Corollary 2. Let a € (0, 7/4], Co = int(Ly) NS and f : Co — R be defined by f(x) = (Azx, x),
where A = AT € R™™. Then, f is convex if and only if there exist \,b € R with b > 0 such that
f(z) =\ —bz?, where v := (11,%) € R x R* L.

Proof. First note that £, = £. By Theorems 2l and [3 f is spherically convex if and only if there
exist a, A € R with A > a such that A = diag(a, \l,,—1). Hence, f is convex if and only if there exist
a, A € R with A > a such that

flx)=az? + Nz3 4+ +22) =az? + N1 —23) = A — (A — a)z?, z:=(21,Z) € Rx R"L
Therefore, by letting b = A\ — a, the result follows from the last equivalence. O

Corollary 3. Let K C R™ be a proper cone, C = int(K) NS and f : C — R be defined by f(x) =
(Az,x), where A= AT € R™", If f is spherically convex then A has two eigenvalues a, A € R with
A > a. Moreover, a has multiplicity 1 and A has multiplicity n — 1.

Proof. Since K C R" is a proper cone, there exist a € (0, 7/4) and @ € R™*™ an orthogonal matrix
such that C, := QCo C C, where C, = int(Ly) N'S. Hence, if f is spherically convex in C, then from
Remark [[l we conclude that h(z) = f(Qx) = (QT AQz, ) is spherically convex in C,. Therefore,
from Theorem [ we have that there exist a, A € R with A\ > a such that QT AQ = diag(a, A\,,_1)
and the result follows. O

Remark 6. Theorem [1l shows that the converse of Corollary[3 does not hold.

6 Final remarks

This paper is a continuation of [5L[6], where we studied some basic intrinsic properties of spherically
convex functions on spherically convex sets of the sphere. We expect that the results of this paper
can aid in the understanding of the behaviour of spherically convex functions on spherically convex
sets of the sphere. In the future we will also study the problem of determining the spherically
quasiconvex quadratic and more general spherically quasiconvex functions [21] (see also [15] for the
definition of quasiconvex functions) on spherically convex sets of the sphere. As far as we know this
would be the first study of spherically quasiconvex functions. As an even more challenging problem,
we will work towards developing efficient algorithms for minimizing quadratic and more general
functions on spherically convex sets of the sphere. We foresee further progress in these topics in the
nearby future.
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